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Radiative Properties of Gold Surfaces with
One-Dimensional Microscale Gaussian Random
Roughness

Kang Fu1 and Pei-feng Hsu1,2

The radiative properties of engineering surfaces with microscale surface tex-
tures depend on the incident wavelength, optical properties, and temperature
as well as the topography of the reflective surface. In the case of slightly
rough surfaces, the traditional Kirchhoff theory on rough surface scatter-
ing may be applicable. In this study, a direct numerical solution of Max-
well’s equations was developed to understand scattering from weakly to very
rough surfaces. The method is the finite-difference time-domain method. The
problem of interest is a set of gold surfaces with Gaussian random rough-
ness distributions. Highly accurate experimental data are available from the
earlier work of Knotts and O’Donnell in 1994. Due to the negative real com-
ponent of the complex dielectric constant at the infrared light source wave-
lengths of 1.152 and 3.392 µm, the convoluted integral was used to convert
the frequency domain electrical properties to time-domain properties in order
to obtain convergent solutions. The bi-directional reflectances for both nor-
mal and parallel polarizations were obtained and compared with experimental
data. The predicted values and experimental results are in good agreement.
The highly specular peak in the reflectivity was reproduced in the numerical
simulations, and the increase of the parallel polarization bi-directional reflec-
tance was found to be due to the effect of a variation in the optical constant
from 1.152 to 3.392 µm.
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1. INTRODUCTION

Electromagnetic wave scattering by random rough surfaces presents
great theoretical and experimental challenges due to the large degrees
of freedom in these systems and the need to include multiple scatter-
ing effects accurately. Scattering from patterned or random roughness
surfaces and coatings is of fundamental and practical interests to many
disciplines, e.g., remote sensing [1], surface optics [2], thermal control
[3], wafer thermal processing [4], etc. In the past three decades, consid-
erable experimental and theoretical progress has been made in elucidat-
ing and understanding the scattering processes involved in such problems.
Rapid advances in computer modeling have resulted in new approaches,
for example, finite difference methods, finite element methods, and Monte
Carlo simulations, in the numerical analysis of random media scattering
[5]. Numerical simulations allow us to solve the Maxwell equations exactly
without the limitations of analytical approximations, for example, the Kir-
chhoff approximation [2] and small perturbation theory [6], whose regimes
of validity are often difficult to assess [7]. On the other hand, there are
also challenges to improve the numerical simulations, for example, large
memory and computational time requirement in multi-dimensional and
complex geometry problems. Numerical methods are often more difficult
to discern various mechanisms, e.g., multiple scattering, surface waves, that
contribute to the scattering from random roughness surfaces.

Several theoretical treatments have been developed to understand light
scattering from very rough surfaces, for example, the ray tracing method
[8,9], and the integral equation method of solving Maxwell’s equations
[10,11]. Due to the difficulties in computing higher-order terms and in
the solution convergence, perturbation series have been limited to weakly
rough surfaces [6]. Geometric ray tracing is limited to roughness being
larger than the incident wavelength, so the wave interference effect can
be neglected [9]. The finite-difference time-domain (FDTD) method pro-
duced highly accurate solutions to understand the light scattering process
of microscale random roughness in perfect electric conductors (PEC) and
dielectric surfaces [12]. For metallic surfaces, the original FDTD equations
have to be modified to ensure solution convergence. This requires the use
of the time-domain electrical properties to revise the difference equations.
The treatment is presented in this paper.

It is not easy to experimentally produce microscale random rough-
ness surfaces that follow the Gaussian relation requirement in the sur-
face height distribution and the height correlation function. Knotts and
O’Donnell [13] used a photoresist method to produce a set of well-defined
one-dimensional Gaussian roughness gold surfaces. They measured the
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coherent (or specular) and incoherent (or diffuse) components of the
polarized intensities scattered from the surfaces. Their experimental results
are used in this study to compare with the FDTD predictions.

2. FINITE-DIFFERENCE TIME-DOMAIN METHOD

For two-dimensional (2D) geometry, the FDTD form of the trans-
verse electric (TE) (normal polarization) set of Maxwell’s equations can be
written for the incident plane, i.e., the x − y plane that contains Ez, Hx ,
and Hy , as shown below. The finite difference form of the transverse mag-
netic (TM) (parallel polarization) equation set can be written similarly.
The details are readily available in the original paper by Yee [14] or in
any numerical electromagnetic texts [15,16], and are not repeated here. In
the discretized mesh of the computational domain, E and H are spatially
shifted by 1/2 space increment, and the calculation of them are temporally
shifted by 1/2 time increment, so that all unknown variables at any time
step can be calculated based on the variables at the previous half- and full-
time step status. With the second-order central difference scheme, the TE
mode Maxwell’s equations in two dimensions can be expressed as
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where the superscript of the field components stands for the time step, the
subscript represents the spatial node location, ε is the permittivity, µ is the
permeability, and σ is the electrical conductivity. Note that in Eq. (1), σ

and σ ∗ are set to zero for dielectric and non-magnetic materials. Accord-
ing to Yee’s notation, a spatial point in a Cartesian coordinate is written
as (i, j)= (i�x, j�y). Here, �x and �y are the lattice space increments in
the x and y coordinate directions, and i and j are integers.
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If the interface of different materials is parallel to one of the coor-
dinate axes, the continuity of tangential E and H is naturally maintained;
the algorithm itself is divergence-free in the absence of electric and mag-
netic charge; the time-stepping algorithm is nondissipative, which means
an EM wave propagating within the mesh will not decay due to the algo-
rithm itself. These make Yee’s algorithm a robust method in solving EM
field issues.

The intensity of the harmonic wave is defined as a mean value of the
Poynting vector and its magnitude is expressed as

S (x, y)= I (x, y)dΩ = 1
T ∗

∫ T ∗

0
|E ×H|dt (2)

where I is the radiation intensity, Ω is the solid angle in the direction of
the intensity, and T ∗ =2π/ω is the time period of the wave. The bi-direc-
tional reflectance distribution function (BRDF) can be calculated in terms
of the ratio of the reflected intensity over incident energy [17]:

ρ (λ, θi , φi , θs, φs)= d I (λ, θs, φs)

I (λ, θi , φi ) cos θi dΩi
(3)

where I (λ, θi , φi ) is for the incident beam and I (λ, θs, φs) is for the
reflected or scattered intensity. The denominator is the total energy of the
incident light, and the numerator is the intensity of the reflected light leav-
ing the surface in the direction (θs, φs).

3. RECURSIVE CONVOLUTION TREATMENT OF THE DRUDE
MODEL

The Maxwell-Ampere law in Maxwell’s equations is as follows:

∇ × Ĥ = σ̂ Ê + ε̂
∂Ê
∂t

(4)

All quantities with aˆ indicate a complex number, e.g., ε̂=ε1 − iε2. Assume
a time harmonic incident field,

Ê =Eo exp [i (ωt −φ)] (5)

Then, Eq. (4) becomes

∇ × Ĥ = (
σ̂ + iωε̂

)
Ê (6)
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Substituting the complex forms of σ̂ and ε̂ into Eq. (6),
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To distinguish from ε, the dielectric function or dielectric constant is
expressed as ς̂ = ς ′ − iς ′′. σe and εe are equivalent properties and used
in the FDTD equations, e.g., Eq. (1) above. When n2 − κ2 = ς ′ = εe/εo <

0, the FDTD code can not converge because the coefficient of the first
term on the right-hand side of Eq. (1) and similar difference equations
is greater than 1 and the second term is smaller than the first term. This
means Ez or H field components could have non-steady or large oscilla-
tions through time-stepping. Thus, the time-stepping does not lead to con-
vergence of the Ez field. Many metals in the wavelength of interest, say
infrared, have large negative ς ′. Special treatment for such property in the
difference equations is needed and discussed below.

Optical properties of the dissipative media with free carriers (electron)
is usually described by the Drude model [18]:

ς̂ (ω)=1+ ω2
p

ω (iνc −ω)
(8)

where ωp is the plasma frequency and νc is the damping constant. With
the optical constant (n, κ) data given at ω,ωp, and νc can be determined
as well as the static permittivity at zero frequency (εs), the infinite fre-
quency permittivity (ε∞), the relaxation time (to), and the susceptibil-
ity (χ ). Using the convolution integral, the frequency domain relation of
the displacement vector and electric vector can be converted into a time-
domain relation [16]. With the time-domain relation and assuming a one-
dimensional case for simplicity, a new difference equation of the electric
field vector component can be derived;
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Table I. Statistical Properties of Rough Surfaces [13]

Surface Height standard l/e Correlation Height Height Second
deviation, σ width, α (µm) skewness kurtosis derivative

(µm) skewness

A 0.25 3.5 −0.02 2.97 −0.99
B 0.53 3.1 −0.08 2.99 −1.07
C 0.70 3.2 −0.05 3.01 −1.39
D 0.86 3.2 −0.29 3.12 −1.39
E 1.18 3.4 −0.29 3.12 −1.33
F 1.40 3.4 −0.27 3.12 −1.29
G 1.73 3.4 −0.19 2.90 −1.11

It should be noted that the above equation is different from the one given
in Ref. 16. The difference between Eq. (9) and the counterpart equa-
tion in Ref. 16 is that the latter used an approximated value at time step
n +1 to represent the value at time step n +1/2, whereas Eq. (9) is derived
based on the averaged value at time steps n and n +1. It is easy to extend
Eq. (9) to 2D or 3D geometry. In computation, Eq. (9) is further simpli-
fied to a recursive relation so the summation and the storage of the earlier
time step electric field can be avoided. Details can be found in Ref. 16
and are not repeated here. As can be seen in Eq. (9), the coefficient prob-
lem in the original FDTD Eq. (1a) is eliminated.

4. RESULTS AND DISCUSSION

The surfaces used in the FDTD simulation follow the Gaussian distri-
bution of surface height and correlation length. The experimental surface
statistics used by Knotts and O’Donnell [13] are followed in the simula-
tions and given in Table I. The precise Gaussian surface would have height
skewness equal to 0 and kurtosis equal to 3 [19]. Among all surfaces, it
appears surface C is the closest to Gaussian.

Besides the mesh size, the time step size, and the surface resolution,
the other important FDTD simulation parameters for random rough sur-
face scattering are the total surface length and the total number of time
steps. A longer surface length will ensure precise surface statistics will be
reflected in the simulations and better averages of the final results will be
obtained. Sufficient time steps would also be required so that steady-state
results are obtained. However, a long surface and a large number of time
steps will significantly increase the computation time [12]. A compromise
between solution accuracy and computational time is necessary. At an
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incident wavelength λ1 =1.152 µm and incident angle θi =0◦, the total sur-
face length used in the simulation is 1000× (λ1/20)/surface×60surfaces=
3000λ1 and the surface resolution is equal to the mesh size. For a surface
A case at λ1 =1.152 µm, the result is the average of two 3000λ1 surfaces to
reduce the oscillations in the bidirectional reflectance distribution function
(BRDF) curves. The time step is �t = 0.5[(c/�x)2 + (c/�y)2]−1/2, where
�x =λ/20 and �y =0.05µm. �t is adjusted so that T ∗ is an integer mul-
tiple of it. At this wavelength and incident angle, all parameters used in
various surface calculations were the same except for the time steps: 7000
time steps for surface A, 10000 for surface B, 15000 for surfaces C and D,
18000 for surface E, 20000 for surface F, and 25000 for surface G.

At θi = 0◦ and λ2 = 3.392 µm, the total surface length used is 1000 ×
(λ1/20)/surface × 120surfaces = 6000λ1. The number of same time steps
were used as for λ1 = 1.152 µm calculations, except 5000 steps were
used for surface A. At θi = 30◦, only surface C results are presented in
this paper: at a wavelength λ1 = 1.152 µm, a surface length of 1040 ×
(λ1/20)/surface × 60surfaces = 3120λ1 and 18000 time steps were used; at
λ2 = 3.392µm, a surface length of 1060 × (λ1/20)/surface × 120surfaces =
6360λ1 and 18000 time steps were used. At θi = 70◦, only surface C
results are presented in this paper. For both wavelengths λ1 and λ2, the
total surface length used in the simulation is 1128 × (λ1/20)surface ×
120 surfaces =6768λ1 and the number of time steps are 45000.

All the calculations were carried out on a 48-node cluster. A typi-
cal run would use 30 computer nodes and took from 15 to 48 h of com-
putational time. Weakly rough surfaces used less CPU time than did the
very rough surfaces. The perfectly matched layer boundary condition [15]
is applied on the top and bottom of the computational domain. The back-
side of the rough surface is at the bottom of the computational domain.
The periodic boundary conditions were applied to the right and left sides
of the computational domain. This allows the simulation of the infinite
surface length via a finite size surface, which has a surface length of at
least ten correlation lengths or longer.

Another problem that may arise due to insufficient surface length is
the near-to-far-field (NTFF) transformation to obtain the reflectivity prop-
erty [12]. To demonstrate this problem, the reflection of incident light at
θi = 70◦ from surface C was calculated with the NTFF transformation
to obtain the bi-directional reflectivity. A flat surface reflection toward
the specular direction of θs = 70◦ is shown in Fig. 1a, which also used
the NTFF transformation to obtain the far-field intensity. The Fraunho-
fer diffraction pattern is clearly shown near θs =70◦. Likewise, the BRDF
of the rough surface C reveals the same diffraction for both TE and
TM modes (Fig. 1b). For this particular surface, the reflection of light
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incident at a large angle was then obtained by using three times the sur-
face length in the NTFF transformation to mitigate the diffraction. The
improved results will be presented later.

Figure 2 shows a comparison of the FDTD simulation and measure-
ment [13] for all surfaces except surface C. The incident angle is 0◦, and
the incident plane is at the x − y plane. The surface roughness height is
given as y = f (x), and the mean height is at y = 0. It should be noted
that measured data are not available near the incident angle. Figure 2a
shows the BRDF at λ1 = 1.152 µm. Surface A calculation used twice the
number of surfaces to minimize the oscillations in the result. Although
every FDTD curve except the surface A curve has some degree of oscil-
lations, the results show that the agreement between the FDTD predic-
tions and measured data is good. Surface G shows larger backscattering at
θs =0◦ in the measured data than in the predictions. More surfaces can be
used in the FDTD calculation of surface G to reduce the difference. Fig-
ure 2b shows the BRDF at λ2 =3.392 µm. In this case, each surface used
a 6000λ1 total surface length in the FDTD calculation. Clearly far fewer
oscillations are seen in the FDTD curves. The difference between predic-
tions and measurements in surface G is also smaller than that in Fig. 2a.
It should be pointed out that the experimental surfaces are not exactly
Gaussian (Table I). Therefore, some differences should be expected.

In Fig. 3, the BRDF of two different wavelengths at θi = 30◦ are
shown. Overall, at a moderate incident angle, the agreement between the
FDTD simulation and measured data is good. However, as expected, the
agreement is better at a large wavelength (3.392 µm) than that at a smaller
wavelength (1.152 µm). In the latter case, if the longer total surface length
were used, the FDTD solution oscillations near the specular reflection
direction would decrease, similar to the surface A result in Fig. 2a. How-
ever, this seems to be redundant at this point. Since σ/λ is smaller at a
large wavelength, the specular or coherent component is stronger at λ =
3.392 µm as has been shown in Fig. 2b.

Figure 4 depicts the TE and TM mode BRDF of two incident wave-
lengths at θi = 30◦. At a smaller wavelength of 1.152 µm, there is little
difference between the two modes. On the other hand, at 3.392 µm the
TM mode BRDF is clearly smaller than that of the TE mode for 0◦ <θs <

50◦, i.e., angles near the specular direction. The behavior is quite different
from that at large incident angles. This will be discussed next as shown in
Fig. 5.

At a very large incident angle of 70◦, the TE and TM mode results of
both FDTD and experiment are shown in Fig. 5. The agreement between
the predictions and measurements at a 3.392 µm incident wavelength is
good, but somehow a larger difference for −10◦ < θs < 40◦ is observed
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Fig. 1. Surface reflection at θi = 70◦ and with 3.392 µm light source: (a) flat gold surface
with Fraunhofer diffraction and (b) scattering from surface C - the Fraunhofer diffraction
pattern is apparent near the specular reflection direction.
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(a) but for wavelength of 3.392 µm. Coherent components are apparent for surfaces A and B,
and backscattering enhancement is seen for surfaces E-G.
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Fig. 2. Continued
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in the 1.152 µm incident wavelength results. In Fig. 5a, for 0◦ < θs < 40◦
the experimental value for the TE mode is higher than the TM mode
value. The FDTD curves confirm the difference but at a smaller level. On
the other hand, at a 3.392 µm incident wavelength both experiment and
FDTD show nearly the same higher TM mode than TE mode reflection.
Furthermore, both results have nearly identical specular or coherent spike
widths at θs = 70◦. The peak values of experimental TE and TM modes
for the specular direction are not available from Knotts and O’Donnell
[13]. However, the FDTD calculation shows that the TE mode value is
more than twice the TM mode value at the specular direction. Over a wide
range of non-specular scattering angles, the TM mode values are larger
than the TE mode values at 3.392 µm and at a large incident angle as
shown in Fig. 5b, which is drastically different behavior from that at a
smaller wavelength of 1.152 µm (Fig. 5a) or at a smaller incident angle
(Fig. 4b).

Clearly, the optical constant variation over the range from 1.152 to
3.392 µm causes the switchover of TE and TM mode values at non-spec-
ular directions. To examine its effect, the optical constant n and κ val-
ues [20] and the corresponding time domain Drude model parameters are
shown in Fig. 6. The optical constants in Ref. 20 show two different val-
ues at several wavelengths but only the lower values, which are more con-
sistent with the overall trend in the wavelength range shown, were used in
the Drude model parameters of ωp and νc. It is apparent that there is a
sudden drop in ωp and sudden rise in νc. near 1.24 µm. The change in the
Drude parameters causes the switchover of the TE and TM mode values
in the non-specular directions. This is shown in the calculated BRDF vari-
ation over four different wavelengths in Fig. 7. As the wavelength increases
from 1.152 to 1.24 µm, the TE and TM mode values are almost identi-
cal, except at and near the specular directions. Beyond 1.24 µm, the TM
mode values start to increase over the TE mode values at the non-spec-
ular directions. To understand the actual physical mechanism that causes
the TE/TM mode switchover, for example, the surface plasmon polariton
wave coupling [10,11], further study is needed. This is beyond the scope
of the current work and will be considered in the future.

5. CONCLUSION

A comparison with a set of highly accurate experimental data dem-
onstrates that the finite-difference time-domain method provides validated
simulation capability to predict metallic surface radiative properties at var-
ious wavelengths and surface roughnesses. A special treatment of the fre-
quency domain electrical properties is needed to ensure convergence of the
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Fig. 6. Wavelength dependence of (a) optical constant and (b) time-domain Drude
parameters.

numerical scheme. The numerical solutions show good agreement with the
reflectivity measured from a set of microscale random roughness Gauss-
ian gold surfaces. The numerical method also provides a new way to
understand the increase of the TM mode or parallel polarization reflectiv-
ity at the non-specular directions when the incident wavelength increases
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Fig. 7. Angular dependence of the TE and TM mode BRDF for surface C at θi = 70◦ and
incident wavelength variation from 1.152 to 3.392 µm.

from 1.152 to 3.392 µm. The switchover of the TE and TM modes may
also be caused by the reduced roughness height to wavelength ratio and
the increased diffraction at longer wavelength. Further study is needed to
clarify.
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